University of Washington August 3, 2005

Inverse Transport Problems
and Applications

II. Optical Tomography and Clear Layers

Guillaume Bal

Department of Applied Physics & Applied Mathematics
Columbia University

http://www.columbia.edu/~gb2030
gb20300@columbia.edu



University of Washington August 3, 2005
Outline for the three lectures

I. Inverse problems in integral geometry

Radon transform and attenuated Radon transform

Ray transforms in hyperbolic geometry

II. Forward and Inverse problems in highly scattering media

Photon scattering in tissues within diffusion approximation

Inverse problems in Optical tomography

ITII. Inverse transport problems

Singular expansion of albedo operator
Perturbations about ‘scattering-free” problems

Unsolved practical inverse problems.
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Outline for Lecture 11

1. Optical tomography

Transport equations and examples of applications

2. Macroscopic modeling of clear layers
Diffusion approximation of transport
Macroscopic modeling of clear layers

3. Reconstruction via the Factorization method

Reconstruction of clear layer and enclosed coefficients

Shape derivative plus level set methods
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Mathematical Problems in Optical
Tomography

Optical Tomography consists in reconstructing absorption and scattering
properties of human tissues by probing them with Near-Infra-Red photons
(wavelength of roughly 1um).

What needs to be done:

e Modeling of forward problem using equations that are easy to solve:
photons strongly interact with underlying tissues.

e Devising reconstruction algorithms to image tissue properties from
boundary measurements of photon intensities.

<o Address relevant questions and no more: severely ill-posed problem.)
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Transport equations in Optical Tomography

The photon density u(x, 2; v) solves the following transport (linear Boltz-
mann) equation

Yt Q- Vut o(u = 0u0) [ p(R @ )ulx, X )du(),

C
where v is the (known) modulation of the illumination source, p(u) is the

phase function of the scattering process (often assumed to be known),
oi(x) is the total absorption coefficient and os(x) the scattering coeffi-
cient. The last three terms model photon interactions with the underlying
medium (tissues).

The inverse problem in OT consists of reconstructing os(x) and o:(x)
(and possibly p(u)) from boundary measurements.

The transport equation is often replaced by its diffusion approximation.
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Applications in Near-Infra-Red Spectroscopy

Hematoma  IVentricles (CSF) | Skin

CSF

Sagital Sinus
{Blocd Vessei)

Skull | Gray Matter | White Matter

Segmented MRI data for a human brain.

Imaging of human brains.
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Applications in Near-Infra-Red Spectroscopy
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Imaging of human brains (from A.H. Hielscher, biomedical Engineering,
Columbia).
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Outline for Lecture 11

1. Optical tomography

Transport equations and examples of applications

2. Macroscopic modeling of clear layers

Diffusion approximation of transport
Macroscopic modeling of clear layers
3. Reconstruction via the Factorization method

Reconstruction of clear layer and enclosed coefficients

Shape derivative plus level set methods
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Typical path of a detected photon
in a DIFFUSIVE REGION

Detector

Source Term
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Same typical path in the presence of
a CLEAR INCLUSION

Detector

Source Term
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Same typical path in the presence of
a CLEAR LAYER

Detector

Source Term
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Modeling the Forward Problem:

We want macroscopic equations that model photon propa-
gation both in the diffusive and non-diffusive domains.

Outline:
1. Brief recall on the derivation of diffusion equations

2. Generalized equations in the presence of Clear Layers

3. Numerical simulation of transport and diffusion models
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Transport Equation and Scaling

The phase-space linear transport equation is given by

0 Vue(2,0) + 5Qu)(@,0) + oa(@)us(z,v) =0 in 2%V,
S S

ue(x,v) = g(x,v) onl_={(z,v) €902 xV s.t. v-v(x) <0}

ue(x,v) is the particle density at = € Q C R3 with direction v € V = §2.
The scattering operator Q is defined by

Q) (z,v) = os(z) (u(a;, V) — /Vu(:c, v’)du(v’)).

The mean free path € measures the mean distance between successive
interactions of the particles with the background medium.
The diffusion limit occurs when ¢ — O.
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Volume Diffusion Equation

Asymptotic Expansion: wus(z,v) = ug(x) + eui(z,v) 4+ e2us(x,v) ...
Equating like powers of ¢ in the transport equation yields

Order e 2 : Q(ug) = O

Order ¢~ 1 : v-Vug+Q(uy) = 0

Order 9 :  v-Vuy 4+ Q(up) + oqug = 0.

Krein-Rutman theory:
Order e 2 : wug(z,v) = ug(z)
1
Order e 1 : wi(x,v) = — v - Vug(x),
os(x)

Order &9 : —divD(x) - Vug(x) + og(x)ug(xz) =0 in

where the diffusion coefficient is given by

D(x) =

1
3os(x)
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Diffusion Equations with Boundary
Conditions

The volume asymptotic expansion does not hold in the vicinity of bound-
aries. After boundary layer analysis we obtain

—divD(xz) - Vug(x) + og(x)ug(z) =0 in
ug(x) = N(g(x,v)) on 0.

A is a linear form on L°°(V_).

We obtain in any reasonable sense that

ue(x,v) = ug(x) + O(e).
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Generalization to an Extended Object
of small thickness (Clear Layer)

Thickness= 2| L .

SE =% +1Lv(2),

SI=% _L.v(2),

Geometry of the Clear Layer Q¢ of boundary {
where v(x) is the outgoing normal to X at =z € 3.
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Local Generalized Diffusion Model

Assuming LZ2|In Lg| ~ €, in the limit e — 0 we obtain in a joint work with
Kui Ren the following generalized diffusion model

—V - D(x)VU(x) + oa(x)U(x) =0 in Q\X
U(x) + 3LzeD(x)v(x) - VU(x) = A(g(x,v)) on 0f2
[U](x) =0 on X

[v- DVU](z) = —V d°V | U.

The clear layer is modeled as a tangential (supported on X) diffusion
process with coefficient d°(x). The approximation (w.r.t. transport so-

lution) is of order /¢ when X has positive curvature and can be as bad
as |Ine|~1 for straight clear layers.
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Numerical simulations

Geometry of domain with circular/spherical clear layer.



University of Washington August 3, 2005

T wo-dimensional Numerical simulation
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Outgoing current for clear layers of 2 and 5 mean free paths.
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Two-dimensional Numerical simulation

h 0.01 0.02 0.03 0.04 0.05 0.06 0.07

d{eory 0.0124 0.0455 0.0971 0.166 0.253 0.355 0.475

dS ¢ 0.0129 0.0465 0.0983 0.167 0.253 0.356 0.474

Ecpm (%) 1.17 156 1.43 1.09 0.81 0.56 0.60
Egr (%) 0.73 0.65 0.57 0.49 0.46 0.47 0.46
Epr (%) 3.3 10.2 17.7 245 30.2 353 39.8

Tangential diffusion coefficients and relative L2 error between the
transport Monte Carlo simulations and the various diffusion models for
several thicknesses of the clear layer.
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T hree-dimensional Numerical simulation
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Outgoing current for clear layers of 3 and 6 mean free paths.
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Summary of Forward Modeling:

e We have a macroscopic model that captures particle propagation both
in scattering and non-scattering regions, such as embedded objects and
clear layers.

e [ he generalized diffusion model is computationally only slightly more
expensive than the classical diffusion equation (essentially, one term is
added in the variational formulation) and much less expensive than the
full phase-space transport model.

e [ he accuracy of the macroscopic equation is sufficient to address the
iInverse problem where absorption and scattering cross sections are re-
constructed from boundary measurements.
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Outline for Lecture 11

1. Optical tomography

Transport equations and examples of applications

2. Macroscopic modeling of clear layers

Diffusion approximation of transport

Macroscopic modeling of clear layers

3. Reconstruction via the Factorization method

Reconstruction of clear layer and enclosed coefficients

Shape derivative plus level set methods
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Inverse Problem

e Optical Tomography uses near-infrared photons to image properties of
human tissues.

e Advantages: Non-invasive (as are all “imaging” techniques); Cheap
(that is, for a medical technique); Quite harmless (as light should be);
and Good Discrimination properties between healthy and non-healthy
tissues.

e Disadvantages: photons scatter a lot with underlying medium because
they have low energy. This implies that the images have a low spatial
resolution, and forward models are computationally expensive.

e Here we focus on reconstructing the clear layer and what it encloses.
We also consider the similar problem in Impedance tomography.
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Model problem in Impedance Tomography

The potential u(x) solves the following equation:

V.-yVu = 0, in Q\X
[u] = O on X
[n . ’qu] = —V,|-dV u on 2
n-yVu = g on 0f2
/ u do = O.
02

Assume that the above hypotheses are satisfied and that g € HO_1/2(8§2).

Then the above system admits a unique solution u € H&Z(Q) with trace

U590 € Hé/Q(aQ). The variational formulation is

Vu- Vo dx+ [ dViu-V v do = do.
/Qvu ’UX—|—Z 1wV v do 8nga
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Model problem in Optical Tomography

The photon density u(x;w) solves the following equation

wu —V -yVu—+au = O, in Q\X
[u] = O on X
[Il : ’qu] = —VJ_ y dVJ_u on 2

n-yVu = g on 0f2.

Assume that a(x) is bounded when w # 0 and that a(x) is uniformly
bounded from below by a positive constant when w = 0, and that g &€
H~1/2(0Q). Then the above system admits a unique solution u € HE ()
with trace uyq € HY/2(8Q). The variational formulation is:

' v-vcz/dv Vv do = do.
/Q(zw—l—a)uv—l—/Q’y U v dx + - LU 1V do an’U o
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Assumptions and what we can reconstruct

e Main Assumption: The conductivity tensor ~ is known on Q\E such
that > = 0D.

e \We reconstruct the interface > = 90D using a factorization method.
The method is ‘“‘constructive’.

e Next we find the tangential diffusion tensor d(x) on X.

e Finally we reconstruct what we can (using known theories) on v from
the knowledge of the Dirichlet-to-Neumann map.
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A few more assumptions (Impedance case)

We define the Neumann-to-Dirichlet operator As as

Ny Ho_l/Q(OQ) — H(-l)/Q(E?Q), g — UpQ-

We define the “background” Neumann-to-Dirichlet operator Ag as above
with v(x) replaced by a known background ~g(x) and with d(x) replaced
by O.

Our assumptions on the background ~p(x) is that it is the true conduc-
tivity tensor on Q\D and a lower-bound to the true conductivity tensor
on D:

vo(x) <~(x) on D, vo(x) =~(x) on Q\D.

The main assumption is thus that we assume that everything is known
in Q\D.
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A typical result

Theorem. Let us assume that the tensor ~(x) is of class C2()
for n = 2,3, is known on Q\ﬁ, and is proportional to identity (i.e.,
v(x) = 2 Tr(y(x))I) on D.

Then the surface X = 9D, the tangential diffusion tensor d(x), and the
conductivity tensor ~(x) are uniquely determined by the Cauchy data
{ujpo, - YVupq} in H/2(0Q) x H=1/2(09).

Moreover the method to recover > is constructive and based on a suitable
factorization of Ag — Ax.
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T he Factorization method

The idea is to reconstruct the support of objects without knowing what
IS inside.

Originally proposed by Colton and Kirsch and analyzed to detect obstacles
in the scattering context by Kirsch [IP1998].

Analyzed in impedance tomography for objects with different impedance
than the background by Briihl [SIMAO1].
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Factorization method idea

The idea is to factor the difference of NtD operators as
No — Ns = L*FL,

where L and L* are defined on Q\D and where F can be decomposed as
B*B with B* surjective. This implies that

R((Ao — As)Y/2) = R(LY).

We then construct functions y — gy(-) from the measured data that solve
the source-less diffusion equation in Q\D and are in the Range of L if
and only ify € D.

This allows us to constructively image the interface > from the boundary
measurements.
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Details of the factorization

Let us define v and v* as the solutions to:

V-4Vv = 0, in Q\D V.-4Vo* = 0, in Q\D

n-vywWVv = 0 on X n-yVov* = —¢ on X

n-vyVv = ¢ on 0f2 n-yVo* = 0 on 0f2
/ vdo = 0, / v* do = 0.

02 >

—1/2

L maps ¢ € Hy ' ~(0%2) to Vs € Hé/z(Z) and its adjoint operator

L* maps ¢ € H-Y2(3) to v, € HY?(69Q). We have
0 a0 € Ho
L z/ L*d——/LdELu,v.
(u, L") 90 oo v do= [ vlu do ( )s
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Construction of F

et us define w as the solution to

V - vwWw
[w]

[n - yVw]
n-vyVw

w do
0S2

V-Vd/dv Y —d=/n-v+ d:/F do.
/Q'y'w 'wx—l—Z lw lw  do Z’ywqba Znggba

Fp is defined similarly with v(x) replaced by ~g(x) and d(x) = 0.
The operator F'is defined as F' = Fp — Fsy. It is symmetric and we have

Ao — Ay = L*FL.

The operator Fs- maps ¢ € Hé/Q

0,
P,
—V 1 dV jw™
O

0.

in Q\X
on >
on 2_
on 052

(X) to n-yVuwt e Hy V3(5).
The variational formulation to the above problem is
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Coercivity of F

After a few integrations by parts we obtain with éw = wy — wo:

F :/va.va / )V - V /dv = .V w=.
/Z ;¢ o TVouw w —+ D(’Y v0)Vwg ’wo-|-Z LWy - V] Wy

We can then show that F' is coercive in the sense that

(F$,9) = alléll 125 s
0

for some o > 0.
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What makes the factorization useful (I)

In the case of a jump of the diffusion coefficient across the interface >,
one can show that F' is an isomorphism so that it can be written FF = B*B
with B also an isomorphism.

In the clear layer case, FF may not be an isomorphism. It can still be

decomposed. Let Z be the canonical isomorphism between Hal/Q(Z)

and HY/?(Z) and define

T=7*7. g HYA(E) & L3(x), g L3(E) — HYAE).

We can thus recast the coercivity of F' as

— * * — * 2 _ 2
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What makes the factorization useful (II)

Since
(TET u,u) > allull sy,

JFJ* is symmetric and positive definite as an operator on L2 5(X). So
we can decompose the operator as

JEJ*=C*C, with C, C* positive operators from L3(X) to L3(X).

So we have the decomposition

_ 1/2
F=B'B| B =7"1C* maps HY?(X) to L3(X).

Since F is coercive, we deduce that || Bé|| 2.5y > Cl¢l HY2(x)

This implies that B* is surjective.
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Factorization: The Range Characterization

From the above calculations we obtain that
Ao — As = L*FL = L*B*(L*B*)* = A*A.
Since the Range of (A4*A)1/2 is the Range of A*, we deduce:

R((Ao — As)Y/?) = R(L*B*) = R(L")

since B* is surjective. Now consider the solution of

V-vVN(;y) (- —y), in Q
n-vVN(y) = 0 on 09 /ZN(~;y) do = 0.

Then n - yVN(x;y)s € H Y2(2) and N(x;y) € R(L*) if and only if
y € D. Notice that this requires that v(x) = y9(x) be known on Q\D.
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How do we get the rest?

Now that X is known, we have on R(Ag — As) C R(L*):
(L) ' (Aog—As) = FL.

L is dense in Hé/Q(Z) since R(L) = N(L*)+ = {0}+ =
1/2(5y H—1/2

1/2(2) SO we

have access to the full mapping F in L(Hj (X)) and Fy =

F + Fp.

The Range of Gy = Fy L is dense since Gx is injective. This provides
knowledge of the full Cauchy data:

1 2 —1/2
{wlz 32y, n-yV’w‘; c HyY (Z)},
whence of the Dirichlet to Neumann operator

Ap= -V -dV + Ap,

where Ap is the Dirichlet to Neumann map of the domain D.



University of Washington August 3, 2005

Reconstruction of d(x).

Recall that
/\D:—VJ_'dVJ_+7\D.

The second contribution Ap is a bounded operator from H3 (X) to L3(X).
Let ~ be given locally by ™ = 0 in the coordinates (x’,2"). Since Ap
differentiates only once, it is clear that

. —1 . S _
W d(x)w = lim ——e Y XALW X forall W e ST
§—00 g2

This fully characterizes the symmetric tensor d(x’).
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Reconstruction of ~(x).

Once d(x) is known, we have access to the Dirichlet to Neumann map
Ap of the domain D.

We then use known results to show that v(x) can uniquely be recon-
structed if it is a sufficiently smooth (depending on space dimension)
scalar-valued conductivity.

For anisotropic tensors in dimension n = 2 we have that 7 and ~o in
C22%(D), 0 < a < 1, with boundary 8D of class C3% with same data N~
are such that there exists a C3%(D) diffeomorphism & with P o0 = lsa;
the identity operator on 92, and

(D) y1(DP)
[DP|

In dimension n > 3 the same results holds provided that ~1, v, and 0D

(then @) are real-analytic.

o (z).

Yo(x) =
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Shape sensitivity analysis.

In a joint work with Kui Ren, we have developed a shape-sensitivity-
based method to reconstruct the singular interface (clear layer) >X. This
IS recast as a regularized nonlinear least square problem:

Fa(2) i= Jllu = by e [ 4700 — i,

Here and below, ' = §Q2. For a smooth vector field V(x) we define
Fi(x) = x+tV(x), > =F(2),
and show that

dFo(Z) = (u = up, u) (ry + a(k(x), Va) 5y,

where v/ is the shape derivative of the current estimate v = u(X).



University of Washington August 3, 2005

Level-set based numerical simulation.

We show that dF,(X) < 0 when V is chosen such that

VnZdﬁVJ_u-VJ_w—I—n-Vu_I'n-DVw_I'—n-Vu_n-DV'w_—om;,

where w solves an adjoint equation.

Combined with a level-set approach, it allows us to construct velocity
fields and to numerically move a guessed interface (assuming that d(x)
is known) so as to lower the discrepancy with the measured data.

The method was first proposed by F. Santosa to image the interface
between two areas with known (and different) diffusion coefficients.

Simulations show how noise in the data degrades the reconstruction.

Ellipse 0% noise| | Ellipse 5% noise| | Star 0% noise| | Star 2% noise
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Conclusions.

Assuming the conductivity is known between 02 and > and a lower
bound is known on €2, we can reconstruct the singular interface >, the
tangential diffusion tensor d(x), and a scalar-valued conductivity on the
region enclosed by 2.

The method to obtain > is constructive.

This means that we can image > and through 2. This a positive result.
The extension to Optical Tomography is straightforward.

Numerical simulations (based on shape derivatives and the level set method)
show reconstructions of the interface from boundary measurements.
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